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1 Introduction

The Greek mathematician Euclid [6], 300 BC, describes in his Elements [3], a simple
and elegant algorithm to compute the GCD of two integers '. It is perhaps, the first
algorithm that computes the GCD of two integers. He used, in his description, written
in modern words, several time the transformation (u,v) — (v, u mod v), where u mod v
is the remainder in the division of u by v, until he reaches 0, the previous integer is the

GCD.

A first improvement was proposed in 1938 by D.E. Lehmer [9]. He observed that the
first list of the quotients can be obtained only by considering the most significant bits
of the input integers. In 1961, J. Stein [15] (see also Knuth [6]) proposed the binary
algorithm, better suited to the first computers, since it was based on simple operations
such as subtractions and right-shifts of bits, avoiding divisions with large integers.

In the last decades, much work have been done to improve the performance of GCD
algorithms. In 1970, Knuth [7] proposed the first subquadratic GCD algorithm which can
be achieved in O(n log® nlog log n) time, where n is the number of bits of the larger input
integer. Schonhage [12] improved this time complexity in 1971 since his GCD algorithm
can be achieved in O(n log? nloglog n) time, which is, until now, the fastest sequential
GCD algorithm. Many fast sequential GCD algorithms reached this performance with
similar divide and conquer approach [14, 10, 11]. We list some GCD algorithms in Table
1.

In this paper, we consider another gcd algorithm based on subtraction, defined by

the sequence wuni2 = |upy1 — up| where wg,u; > 1 are two integers. The se-
quence stops at the first zero, the previous non zero integer is the gecd of w and
v. For example, if (u,v) = (18,42), then we obtain, in 7 steps the sequence

(18,42), (42,24), (24, 18), (18, 6), (6, 12), (12,6), (6,6), (6,0).

This procedure is similar to an early GCD algorithm, described by Euclid, more than
two thousand years ago. See for example the papers Subtractive Algorithm for GCD
of D.E. Knuth and A.C. Yao in [8] for the average analysis of this algorithm. In fact
the sequence in Euclid algorithm is defined by (u,v) — (Ju — v|, min {u, v}), while our

!Some authors think that this algorithm was known two centuries before.



’ Authors Year ‘ Worst-case complexity

Euclid ~ 300 BC O(n?)
Lehmer 1938 O(n?)
Stein 1961 O(n?)
Knuth 1970 O(logn M(n))
Schonhage 1971 O(logn M(n))
Brent-Kung 1983 O(n?)
Jebelean-Weber 1993 O(n?)
Sorenson (Left & Right shift) 1994 O(n?/logn)
Stehlé-Zimmermann 2004 O(logn M(n))
Mohler 2008 O(logn M(n))

Table 1: Some sequential GCD algorithms.

algorithm is based on (u,v) — (v, |u — v|). With the previous example (u,v) = (18,42),
Euclid algorithm gives in 5 steps (18,42), (18, 24), (18,6), (12,6), (6,6), (6,0). The aim of
this paper is to study the worst case analysis of this new algorithm we call the SUB-LIKE
GCD ALGORITHM:

Input: 2 <a,b < 2™ with n > 2.
Output: ged(a,bd).
While b # 0 Do
(av b) — (bv ’a - b|)a
Endwhile
Return a.

THE SUB-LIKE GCD ALGORITHM.

We prove in Theorem 1 that the worst-case is reached for (a,b) = (2" —2,2" — 1) and we
find uy = 0 with ¢ = 3 x 2"~ 1 after (3 x 2"~ — 1) iterations.

2 Notations and definitions

Let n > 2 and wg, u; be two integers such that 2 < ug,u; < 2"™. We define the sequence
(ug)r by ugyo = |ugs1 — ugl|, for all & > 0. The sequence (ug)y stops at the first u; = 0,
ie: t=min{k, s.t.: up = 0}.

e We define some related sequences (Vi)r and (wg)r. Let Vi = (usk, uskt1, uskre) for
0 < k < p, where p is the maximum number of triplets Vi, except Vp, so that (Vi)r =
(VOvvla'"vV;))'

o Let wy = max {usg, Uski1, Uskt2} = max {ugg, usps1}, 0 <k <p.

e Let (ug,u1) = (a,b) so that Vo = (a,b, |a — b|), with a,b > 2, and wy = max{a, b}.

e Let d = ged(up, u1). The sequences (u},)y, starting with (ug/d, u;/d) and (ug)s will stop
both at the same index t. So, WLOG, we assume ged(ug,u1) =1 and up—1 = up—o = 1.

e Moreover, from the definition of (ug)r, we can easily prove that:

(uk)k — (uoaula"'717271,170) or (uk‘)k‘ - (UOaula' : '5372717170) .



’ Cases ‘ max(a, b) ‘ x=|b—|a—10| ‘ y=|z—|a—Db ‘ max(x,y) ‘ wp — Wy ‘

(1):%"§b<a a 2b—a 3b — 2a 2b—a 2a — 2b
(2): B<b< a 2b—a 2a — 3b 2b—a | 2a—2b
(3): 2<b< it a 2b —a 2a — 3b 20 —3b | 3b—a
(4): §<b< g a a—2b b b a—b
(5): b< § a a—2b b a—2b 2b

(6): a<b<2a b a 2a —b a b—a
(7): 2a <b<3a b a b—2a a b—a
(8): b>3a b a b—2a b—2a 2a

Table 2: The computation of wy — w; = max {a,b} — max {x, y}.

e This shows that V, = (1,1,0) or V, = (2,1,1) or V}, = (x,2,1) with x =1 or 3
and wy, € {1,2,3}.
e C and t( are defined by C' = Z?;é (wj —wjy1) = wp — wp and tg = 3 x 2771,
e Table 2 describes the eight different values of (ug, us, u4), starting from (ug, u1) = (a,b).
We denote x = uz = |b—|a—b| | and y = uq = |x—|a—>b|| so that (ug, us,us) = (la—b|,z,y).

3 The longest sequence (uy)g:

The lenght ¢ of the sequence (uy)r depends on the pair of integers wug,u;, so that ¢ =
t(up,u1). The aim of this Section is to find the longest sequence (uy)g, w.r.t. the input
integers 2 < ug, u; < 2", for a fixed n > 2. In other words, for a fixed n > 2, if we define
U = {(ur)r s.t.: 2 <wug,u; < 2"}, then the aim is to find wugp,u; and ¢ such that

t = max {t = t(up,u1) ; u € Up}.

This also corresponds to the worst-case of the SUB-LIKE GCD algorithm. We have the
following results:

Lemma 1: Let (ug,u;) = (a,b) are such that us exists (so that w; exists). Let wy =
max {usk, Usg+1, Usk+2, for k > 0. Then:

i) (wp—wy=1)<= (b=a+1)
ZZ) Wk — Wk+41 Zl.

Proof: First, thanks to Table 2, we can easily check that us exists if a ¢ {b/2, b, 3b/2, 2b}.
Note that this condition yields a,b > 2 and a # b.

i) (=) Ifb=a+1, then Vp = (a,a+1,1), V1 = (a,a—1,1), s0 wop = a+ 1, w; = a and
wy — w1 = 1.

(=) We assume that wg —w; = 1. Recall that a,b > 2. Table 2 describes the different
values of wy — wy with respect to a and b. Since wg — wq is odd, then the only cases we
have to consider are (3),(4), (6) and (7).



e Case (3): We have a/2 < b < 3a/5 and wy — w; =3b—a = 1. So a = 3b — 1 which is
impossible since a < 2b.

e Case (4): We have a/3 < b < a/2 and wgp —w; = a—b = 1. So a = b+ 1 which is
impossible since a > 2b.

e Case (6): We have a < b < 2a and wg —w; =b—a =1. So b =a+ 1 which is possible
sincea <b=a-+1<2a.

e Case (7): We have 2a < b < 3a and wg—w; = b—a = 1. So b = a+1 which is impossible
since b > 2a.

So the only case where wy — w; = 1 is the case (6) when b = a + 1 and we have
Vo= (a,a+1,1), Vi =(a,a—1,1), wo =a+ 1, w; = a and wy — wy = 1.

i1) Just consider (a,b) = (ug,ur+1). The result follows from Table 2 because a # b and
a,b > 2 as noticed at the begining of the proof. Perhaps, the only not obvious case, is the
Case (3). However, if a/2 < b < 3a/5 then wy —w; = 3b—a > a/2 > 1. Note that i)
proves that there exists an index ¢ such that u; = 0 and the terminaison of the SUB-LIKE
GCD algorithm. O

Lemma 2: Let Vi = (usk, ugkr1,Usgs2), for & > 0. Let ¢ be the first index such that
up = 0. If the sequence (u)j starts with (ug,u1) = (a,a + 1), then,

i) (1<j<a/2)= (Vi=(a—2j+2,a—2j+1,1) and wj —wjt1 =2).

i1) t=t(a,a+1) =3|a/2] +3.

Proof: i) If wy — w; = 1 then, Lemma 1 yields V) = (a,a+1,1) so V; = (a,a —1,1) and
w1 =a. If a >4, then Vo = (a — 2,a — 3,1) and wy = a — 2. So w; — wy = 2. Moreover,
as long as a is large enough we have in turn V3 = (a —4,a—5,1), V4 = (a — 6,a — 7,1) so
wo — w3 = w3y — wyq = 2. By induction on j, we easily prove that

1<j<a/2, Vi=(a—2j+2,a—2j+1,1) and w;=a—2j+2.

and obviously w; —wjy1 = 2.

i1) If a is even then the last triplet V], is obtained for the largest j, i.e.: j = p = a/2 and
Vo =1(2,1,1). So (ug)r = (a,a+1,1)[V1][V2] - - - [V,],0). Since uy = 0 then

Vi = (u3p, uspy1, uspy2) = (ug—3,ur—2,u4-1) = (2,1,1) and t = 3p + 3 = (3a/2) + 3.
Similarly, the case a odd yields p = (a—1)/2, V, = (3,2,1) and t =3p+4 = (3a+5)/2 =
3la/2] + 3. |

Lemma 3: Let £ > 0. If a > 2k + 2 and Vi1 = (a,a + 1,1) then
(1) Vi = (ba+2,3a+1,2a+1) or Vj = (a,3a+1,2a+1) or Vj = (3a+2,a+1,2a+1).
(2) wi — w1 > 2a > 4k + 4.

Proof: Let Vi = (o, 8,7), with «, 8,7 > 1. Then from the formula uxio = |ugr1 — ukl,
we must have |y —a| = a+ 1, so v = 2a + 1. Moreover |5 —~v| = |5 — (2a + 1)| = a, so
B=a+1or f=3a+1. v=|a— | is obtained similarly by considering the two values
of 5. Hence (1). The result (2) is obvious since wiy+1 = a+ 1 and wy, > 3a + 1. O



Consequently from Lemma 1 and 3, we derive an important result:

Corollary 1: Let k£ > 1, then

Va>2k, (wp—wps1=1) = (w1 —wip >4 and wj —wjp1 =2, Vj>k+1).

Example: For (ug,u1) = (2,7), we obtain in turn Vp = (2,7,5), wo =7, Vi = (2,3,1),
wy =3 and Vo = (2,1,1), we = 2, with k =1 and a = 2. So w1 —ws = 1 and wp —wy = 4.

Lemma 4: Let (uj) be the sequence defined by (ug,u1) = (a,b), 2 < a,b < 2", n >3
and upq2 = |ugr — ug| for 0 <k <t —2. Let C = wp — wp. Then there are three cases:
Case (I): If there exists ¢ > 1 such w; —w;+; = 1 then p < (C' —1)/2.
Case (II): IfVj,0<j <p—1, wj —wjp1 > 2 then p < C/2.
Case (III): If wg —wy =1 then p = (C' +1)/2.

Proof':

Case (II): For all 0 < j <p—1, wj —wj41 > 2. So C' = Z?;é (wj — wjy1) > 2p.

Case (I): There exists ¢ > 1 such that w; — w;+1 = 1. By Corollary 1 and Lemma 2,
wi—1 —w; > 480 (wi—1 —w;) + (w; —wit+1) > 5 and C = Z?;é (wj—wjt1) > 5+2(p—2) =
2p+1. Sop < (C—-1)/2.

Case (III): wp — w1 = 1, so by Lemma 2, we have C' = Z?;é (wj —wjt1) =14+2(p—1) =
2p—1,sop = (C+1)/2. Hence the result. O

Theorem 1: Let (uy) be the sequence defined by (up,u1) = (a,b), 2 < a,b < 2" n >3
and all k < 0, ugyo = |ugy1 — ug|. If ¢ = t(n) is the first index for which u; = 0, then
t < 3 x 271, Moreover, this bound is reached when (ug,u1) = (2" — 2,2" — 1), in this
case t =g =3 x 2"~ L.

Proof: Of course, the largest sequence (uy) is obtained when ged(ug,u1) = 1 so that
the three last integers of the sequence (uy) are (ui—2,ur—1,u;) = (1,1,0). Consider the
sequences Vi and wy, with 0 < k& < p. Recall the w), is equal to 1, 2 or 3 (see the
notation Section) and C' = >0~
wp = max (Vp) = max {ugp, Uspt1, Uspr2}-

é (wj — wjy1) = wo — wp, where wy = max {ug, u; } and

First, when (ug,u1) = (a,a + 1), we have wyg — w; = 1 (case (III) of Lemma 4), Lemma 2
shows that t = 3|a/2] + 3. When a = 2" — 2, then t =ty = 3 x 2"~ L. It remains to prove
that in both cases (I) and (II) of Lemma 4, we have t < ty. Lemma 4 shows that, for both
cases (I) and (II), we have p < C'/2. However w,, C and t depends on V. The are three
cases for V):

*IfV, =(2,1,1): In this case (ug)r = (uo,u1,---,2,1,1,0), so that

V, = (U3p,U3p+1,U3p+2) = (ut_3,ut_2,ut_1) = (2, 1, 1), t = 3]7 + 3, wo = max {U,o,ul} <
2" —1, wp =2, C = wp—wp, < 2" —3. So in both cases (I) and (II) of Lemma 4, we have
p<C/2<2mt —3/2andt=3p+3<3(C/2) +3<3x2v 1 -3/2<ty=3x2""L

*If V, = (1,1,0) : In this case (ug)r = (uo,u1,---,2,1,1,0), so that

Vp = (u3p7u3p+1au3p+2) = (Utfg,Utfl,Ut) = (17170)7 t = 3p+27 wp = 17 wo =
max {ug,u1} < 2" —1 and C = wy —wp, < 2" —2. Sop < C/2 < 2n=1 _ 1 and
t=3p+2<3(C/2)+2<3x2" 1 —1<t.



*IftV, = (2,2,1), with = 1 or = 3: In this case (ux)r = (uo,u1,---,2,2,1,1,0), so
that V), = (U3p,U3p+1,U3p+2) = (Ut—ag,Ut—3,u4—2) = (2,2,1). Then t = 3p + 4, wy > 2,
wo = max {ug,u1} <2" —land C =wy —w, < 2" —=3. Sop < C/2 < 2n=1 _3/2 and
t=3p+4<3(C/2)+4<3x2"t—-1/2 <t |
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