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Definitions

• A graph  is defined by a set of nodes  and a set of edges  between theses nodes


• A convenient way to represent graphs is through an adjacency matrix A:

• 


•  if 


• , otherwise

G = (V, E ) V E

(vi, vj) ∈ V 2

A[vi, vj] = 1 (vi, vj) ∈ E
A[vi, vj] = 0



Node degree

• In a graph , the degree of a node  is the number of nodes that are adjacent to 
G = (V, E ) vi ∈ V vi

d(vi) =
N

∑
j=1

Aij

d(v1) = A11 + A12 + A13 + A14 + A15 = 3

Degree matrix:


• 


•  if  (diagonal matrix)

Dii = d(vi)

Dij = 0 i ≠ j



Extending convolution to Graphs

https://distill.pub/2021/understanding-gnns/
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• Given the input node feature matrix  and adjacency matrix 𝑋 ∈ 𝑅𝑁×D0 A ∈ RN×N

• Simple neighborhood aggregation  

• 


•   the representation of the nodes at l-th layer


• the adjacency matrix


•  is a weight matrix for the l-th neural network layer


•  is a non-linear activation function like the ReLU

𝐻𝑙  𝜎𝐴𝐻𝑙𝑊 𝑙 ∈ RN×Dl

𝑋  𝐻

𝐻𝑙 ∈ 𝑅𝑁𝑙

𝐴  𝑅𝑁𝑁

𝑊 𝑙  𝑅𝐷𝑙𝑙

𝜎 

• Multiplication with A means that, for every node, we sum up all the feature vectors of all neighboring 
nodes but not the node itself.


Node-wise update: h(𝑙
𝑖  𝜎

𝑗𝑁𝑖

𝑙
𝑗 𝑊 𝑙

Very simple Graph Neural Network
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• Multiplication with A means that, for every node, we sum up all the feature vectors of all neighboring 
nodes but not the node itself.


Node-wise update: h(𝑙)
𝑖 = 𝜎( ∑

𝑗∈𝑁𝑖

h(𝑙−1)
𝑗 𝑊 𝑙)



Better version

=>~𝐴 ~𝐷𝐴=>𝐴

• Limitation 1: The update exclude the central node


• Solution  where  


Node-wise update: 

𝐻(𝑙) = 𝜎(~𝐴𝐻(𝑙−1)𝑊 (𝑙)) ~𝐴 =  𝐴  +  𝐼

h(𝑙)
𝑖 = 𝜎( ∑

𝑗∈𝑁𝑖

h(𝑙−1)
𝑗 𝑊 𝑙)

• Limitation 2: summing can bring instabilities


• Solution  where  is the degree matrix of 


Node-wise update: 

𝐻𝑙  𝜎𝐷𝐴𝐻𝑙𝑊 𝑙 ~𝐷 ~𝐴

h(𝑙
𝑖  𝜎

𝑗𝑁𝑖



𝑁𝑖

𝑙
𝑗 𝑊 𝑙

Ni ← Ni ∪ {i}
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Kipf & Welling GCN

• Symmetric normalization


Graph convolution update rule 

Node-wise update: 

• GCN is the most popular GNN

𝜎(~𝐷−1/2~𝐴 ~𝐷−1/2𝐻
(𝑙−1)

𝑊 (𝑙))
h(𝑙)

𝑖 = 𝜎( ∑
𝑗∈𝑁𝑖

1

√ 𝑁𝑖 𝑁𝑗

h(𝑙−1)
𝑗 𝑊 𝑙)

=>~𝐴 ~𝐷−1/2~𝐴 ~𝐷−1/2



GCN Pytorch code
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Results



Colab live demo ? (Semi-supervised Node classification)

https://drive.google.com/file/d/1_SIWhvza31HhjRYY7cu_-_0KlVaiOSw2/view?
usp=share_link


https://drive.google.com/file/d/1_SIWhvza31HhjRYY7cu_-_0KlVaiOSw2/view?usp=share_link
https://drive.google.com/file/d/1_SIWhvza31HhjRYY7cu_-_0KlVaiOSw2/view?usp=share_link


Beyond GCNs: Graph attention Network

• The aggregation in GCN is solely based on the graph structure (symmetric normalization) 


• GAT uses attention mechanism to dynamically determine the weight of the adjacency matrix.


• 	 Attention score


•
	 Normalized attention


note that 


•  is a neural network (Dot-product, MLP, Multi-head Attention, Transformers, …)


Node-wise update: 

𝑎𝑖𝑗 =  𝑓𝑎𝑡𝑡(h𝑖,  h𝑗)
𝛼𝑖𝑗 =

exp(𝑎𝑖𝑗)
∑𝑘∈𝑁𝑖

exp(𝑎𝑖𝑘)
 

𝛼𝑖𝑗 =  0 𝑖𝑓 (𝑖,  𝑗) ∉ 𝐸

𝑓𝑎𝑡𝑡

h(𝑙)
𝑖 = 𝜎( ∑

𝑗∈𝑁𝑖

𝛼𝑖𝑗h(𝑙−1)
𝑗 𝑊 𝑙)



Some NLP application of GCNs

Semantic/synatctic GCNs for Machine Translation

(Marcheggiani, Bastings, Titov, 2018)

DyGIE++, Wadden et at., 2019

GNN for information joint extraction



Thank you !!


