Formal Power Series & Algebraic Combinatorics Melbourne - Australia July 8 - 12, 2002

Lattice paths with an infinite set of jumps

Cyril Banderier

Cyril.Banderier at inria.fr
http://algo.inria.fr/banderier

INRIA (Rocquencourt, France) &

Max-Planck-Institut (Saarbrücken, Germany)

Donatella Merlini

merlini@dsi.unifi.it
http://www.dsi.unifi.it/∼merlini/

(Università di Firenze, Italy)

A model for random walks

The walk starts at time 0 from a point �0 of Z; at time n, one makes a jump Xn ∈ Z and the new position is given by the recurrence �n = �n−1 +Xn where, when �n−1 = k, the Xn’s are constrained to belong to a set Pk.

These walks are homogeneous in time: the set of jumps when one is at position k is independent from the time.

• the sets Pk are equal to a fixed set P : the walks have been deeply studied and can be generated by a context-free grammar (e.g., P = {−1, +1}). These walks are homogeneous in space: the set of available jumps doesn’t depend on the position.

• the sets Pk are unbounded: contrary to the previous case, the walks are not space-homogeneous and it is not possible to generate them by contextfree grammars.

Lattice paths and generating trees

In combinatorics, it is classical to represent a particular walk of length n as a path in a two dimensional lattice.

It is also convenient to represent all the walks of length ≤ n as a tree of height n.

Example

The generating tree of the walk on N with jumps P = {+1, −1} starting in 0 and up to length n = 4.

0 1 0 1 0 2

2 1 0 2 3 2 4

Generating trees and rewriting rules 0 1 0 1 0 2

2 1 0 2 3 2 4 [(0), (k) ⇝ (k − 1)(k + 1)]

Matrix associated to a generating tree: is an infinite matrix {dn,k}n,k∈N where dn,k is the number of nodes at level n with label k + r, r being the label of the root:

n/k 0 1 2 3 4 0 1 1 0 1 2 1 0 1 3 0 2 0 1 4 2 0 3 0 1

= Henri Delannoy triangular chessboards (1886). = Riordan arrays [7,10,11].

Walks on Z with an infinite set of negative jumps

Consider a sequence (e_i(k))_{i≥−a} (for a given integer a > 0) of polynomials assuming nonnegative integers values:

[(r), (k) ⇝ (0)^{ek(k)}(1)^{ek−1(k)} . . . (k)^{e0(k)} . . . (k + a)^{e−a(k)}]

The exponent e_i(k) is the multiplicity of the jumps −i when one is at position k and r is the starting position of the walk (or equivalently, the root of the associated generating tree)

1) If the sequence of polynomials (e_i(k))_{i≥−a} is ultimately e_i(k) = 0, then we have walks with a finite set of jumps.

2) If the sequence is ultimately e_i(k) = 1, then we have “factorial rules” which are of great interests for the generation of combinatorial objects (see, e.g., [4]) and for which it was proven in [2] that the associated generating functions are algebraic.

Rationality and algebraicity of classes of rewriting rules

Let f_{n,k} be the number of walks on N of length n going from the starting point to k and let F (z, u) = ∑ n,k≥0 fn,ku kz^n. Theorem 1: For any constant B ≥ 0, the rule

[(r), (k) ⇝ (0)^{ek(k)} . . . (B)^{ek−B (k)} (k)^{e0} . . . (k + a)^{e−a} ] (where e_k(k), . . . , e_{k−B}(k) are polynomial in k, e_i(k) = 0 for 0 < i < k − B and e_i(k) = e_i, some fixed constants, for i ≤ 0) has a rational generating function F (z, u).

Example: B = 3, e_k(k) = k^2, e_{k−1} = 0, e_{k−2} = 3k − 1, e_{k−3} = 1, e_0 = 1, e_{−1} = 2, e_{−2} = 0, and e_{−3} = 5:

[(0), (k) ⇝ (0)^{k2} (2)^{3k−1}(3) (k)(k + 1)^2(k + 3)^5]

F (z, u) = u^3(22z^2 − 112z^3 − z) + u^2(480z^3 − 60z^2) + 528z^3 − 250z^2 + 31z − 1

(1 − zP (u))(872z^3 − 212z^2 + 30z − 1)

Theorem 2: For a constant B ≥ 0, the rule [(r), (k) ⇝ (0)^{ek(k)} . . . (B)^{ek−B (k)}(B+1) . . . (k−b−1)(k−b)^{eb} . . . (k+a)^{e−a} ] (where e_k(k), . . . , e_{k−B}(k) are polynomial in k, e_i(k) = 1 for b < i < k − B and e_i(k) = e_i, some fixed constants, for i ≤ b) has an algebraic generating function F (z, u).

Example: B = 5, b = 4, a = 23, e_k(k) = k^2, e_{k−2}(k) = 3k^5 − 2, e_{k−1}(k) = e_{k−3}(k) = e_{k−4}(k) = e_{k−5}(k) = 0, e_4 = 2, e_2 = 3, e_0 = 1, e_{−3} = 2 and e_{−23} = 1 :

[(0), (k) ⇝ (0)^{k2} (2)^{3k5−2}(6)(7) . . . (k−5)(k−4)^2(k−2)^3(k)(k+3)^2(k+11)]

Theorem 3: Consider the rule

[(0), (k) ⇝ (0)^{ek} (1)^{ek−1} . . . (k − 1)^{e1} (k)^{e0} . . . (k + a)^{e−a} ] . If the generating function of the exponents E(u) is algebraic then the bivariate generating function of the walk F (z, u) is algebraic. For a = 1, one has F (z, u) = F_0(z) 1 − u e_{−1}z F_0(z)

F_0(z) = 1 e_{−1}z E^{<−1>}( 1 z ) where E^{<−1>} is the compositional inverse of E(u) and where e_{−1} is the multiplicity of the +1 jump. More generally, for a ≥ 1, the generating function F (z, u) is expressed in terms of the a solutions u_1(z), . . . , u_a(z) of 1 − zE(u) = 0 which satisfy u_i(z) ∼ 0 for z ∼ 0:

F (z, u) = F_0(z) a∏ i=1 1 1 − uu_i(z) =

= ∑ k≥0 F_0(z) ∑ i_1+...+i_a=k u^{i1}_1 . . . u^{ia}_a u^k . One has

F_0(z) =

(−1)^{a+1} ze_{−a} a∏ i=1 u_i(z) F (z, 1) = −1 ze_{−a} a∏ i=1 1 1 −^1_{ui(z)} .

The proof is via the Kernel Method.

Some remarks on Theorem 3

The case a = 1 corresponds to a theorem in [10] which proves that if a_j, z_j ∈ N , a_0 ≠ 0, then the the matrix associated to the rule

[(0), {(k) ⇝ (0)^{zk} (1)^{ak} (2)^{ak−1} . . . (k)^{a1} (k + 1)^{a0} }] is a proper Riordan array D defined by the triple (1, A = (a_0, a_1, . . .), Z = (z_0, z_1, . . .))

and vice versa.

A proper Riordan array (see, e.g. [7,11]) is an infinite lower triangular array D = {d_{n,k}}_{n,k∈N} for which two sequences A = {a_0, a_1, a_2, . . .}, a_0 ≠ 0 and Z = {z_0, z_1, z_2, . . .}, exist such that:

d_{n+1,k+1} = ∞∑ j=0 a_jd_{n,k+j}, d_{n+1,0} = ∞∑ j=0 z_jd_{n,j}.

The Riordan arrays approach immediately gives the algebracity of F (z, u) when A(z) and Z(z) are algebraic. In fact, for a Riordan array we have F (z, u) = d(z) 1 − uzh(z) where h(z) = A(zh(z)) and d(z) = 1/(1 − zZ(zh(z))). When A(z) = d(0) + zZ(z), that is z_k = a_{k+1} in the rule, we have d(z) = h(z) and in this case the function F_0(z) in the statement of the theorem coincides with h(z).

In general, the algebracity of the generating function corresponding to the rule can be approached by using the concept of a horizontally stretched Riordan array.

Ex. 1:The s-tennis ball problem

At the first turn, you are given balls labelled 1, 2, . . . , s. You throw one of them out of the window onto the lawn.

At the second turn, balls labelled s + 1, s + 2, . . . 2s are brought in. You throw out on the lawn any of the 2s − 1 remaining balls.

Then balls 2s+1, 2s+2, . . . , 3s are brought in. You throw out one of the 3s − 2 available balls.

The game continues for n-turns. The ordered sequence of the balls on the lawn is a tennis ball s-sequence.

How many tennis ball s-sequences of length n? What is the sum of all the balls in all the possible s-sequences of length n? (solved in [8]).

An s-sequence of length n is just a path in a tree. For example, in the case s = 2 : 1 1 2 3 4 5 6 3 4 5 6 4 5 6

2 3 4 5 6 4 5 6

[(1), (k) ⇝ (1) · · · (k)(k + 1)] 1 1 1 1 2 2 1 2 3

2 1 1 2 2 1 2 3 3 1 2 3 4

The two trees are isomorphic.

In general, if we fix the number s, we get generating tree corresponding to the rule:

[(1), (k) ⇝ (1) · · · (k + s − 2)(k + s − 1)]

The number of tennis ball s-sequences of length n are counted by Tn+1, where Tn = 1 1 + (s − 1)n (sn n )

The cumulative sum of all the balls thrown onto the lawn in n turn is

�n = 1 2 (sn2 + (3s − 1)n + 2s)Tn+1− 1 2 n+1∑ k=0 (sk k )(s(n + 1 − k) n + 1 − k ) .

Ex. 2: a new rewriting rule for the (4, 2)-tennis ball problem

Consider the following variant of the problem of balls: one receives s balls at each turn but now throws out t balls at a time.

General (s, t) case = open problem (s > t ≥ 2).

For the (4, 2) case, Merlini and Sprugnoli found the following rule:

[(0), (k) ⇝ (0)k+3(1)k+2(2)k+1 . . . (k + 2)]

0 0 0 0 1

0 0 0 0 1 1 1 2 2 3

1 2

0 0 0 0 0 1 1 1 1 2 2 2 3 3 4

Ex. 3: a combinatorial model for job scheduling

In [9] the authors present a combinatorial model for studying the characteristics of job scheduling in a slow device, for example a printer in a local network.

The policy usually adopted by spooling systems is called First Come First Served (FCFS) and can be realized by queuing the processes according to their arrival time and by using a FIFO algorithm. A job (printing a file) consists in a finite number of actions (printing-out a single page). Each action takes constant time to be performed (a time slot).

If we fix n time slots, and suppose that at the end of the period the queue becomes empty, while it was never empty before, the successive states of the jobs queue can be described by a combinatorial structure called labelled 1-histograms.

It can be proved that the number of schedules of length n with k jobs request at the first time slot corresponds to the number of nodes at level n having label k + 1 in the generating tree with specification:

[(1), (k) ⇝ (1)2 . . . (k)2(k + 1)] .

This gives that the number Sn of possible schedules corresponds to the nth small Schröder number, that is, the generating function for Sn is S(t) = (1 − 3z − √ 1 − 6z + z2) 4z .

1 1 1 1 2 1 1 1 2 2 1 1 2 2 3

References

1) Cyril Banderier. Limit laws for basic parameters of lattice paths with unbounded jumps. Versailles Colloquium, 2002.

2) Cyril Banderier, Mireille Bousquet-Mélou, Alain Denise, Philippe Flajolet, Danièle Gardy, and Dominique Gouyou-Beauchamps. Generating functions for generating trees. Discrete Mathematics, 246(1- 3):29–55, 2002.

3) Cyril Banderier and Philippe Flajolet. Basic analytic combinatorics of directed lattice paths. Theoretical Computer Science, June 2002.

4) Elena Barcucci, Alberto Del Lungo, Elisa Pergola, and Renzo Pinzani. From Motzkin to Catalan permutations. Discrete Mathematics, 217(1-3):33–49, 2000. Formal power series and algebraic combinatorics (Vienna, 1997).

5) Mireille Bousquet-Mélou. Walks on the slit plane: other approaches.

Applied Math., 27(2-3):243–288, 2001.

6) F. R. K. Chung, R. L. Graham, V. E. Hoggatt, and M. Kleiman. The number of Baxter permutations. Journal of Combinatorial Theory, Series A, 24:382–394, 1978.

7) D. Merlini, D. G. Rogers, R. Sprugnoli, and M. C. Verri. On some alternative characterizations of Riordan arrays. Canadian Journal of Mathematics, 49(2):301–320, 1997.

8) D. Merlini, R. Sprugnoli, and M. C. Verri. The tennis ball problem.

To appear in Journal of Combinatorial Theory-A, 2002.

9) D. Merlini, R. Sprugnoli, and M. C. Verri. Waiting patterns for a printer. In FUN with algorithms 2, E. Lodi, L. Pagli, N. Santoro, Editors, Carleton Scientific, pages 183–198, 2001.

10) D. Merlini and M. C. Verri. Generating trees and proper Riordan Arrays. Discrete Mathematics, 218:167–183, 2000.

11) L. W. Shapiro, S. Getu, W.-J. Woan, and L. Woodson. The Riordan group. Discrete Applied Mathematics, 34:229–239, 1991.